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Abstract
As input flows of secondary raw materials show high volatility and tend to be-
have in a chaotic way, the identification of the main drivers of the dynamic
behavior of returns plays a crucial role. Based on a stylized production-
recycling system consisting of a set of nonlinear difference equations, we
explicitly derive parameter constellations where the system will or will not
converge to its equilibrium. Using a constant elasticity of substitution pro-
duction function, the model is then extended to enable coverage of real world
situations. Using waste paper as a reference raw material, we empirically es-
timate the parameters of the system. By using these regression results, we
are able to show that the equilibrium solution is a Lyapunov unstable saddle
point. This implies that the system is sensitive on initial conditions that
will hence impede the predictability of product returns. Small variations of
production input proportions could however stabilize the whole system.
Keywords: OR in natural resources; discrete dynamical systems;
production
1. Introduction
Recycled materials are of increasing importance in modern production
economies. Thus, from an economic and ecological point of view, the inte-
gration and control of such inputs in existing production systems is of con-
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siderable importance. The management of these product returns is a central
element in reverse logistics tasks which attempts to cover the cost-efficient
flow of raw materials or finished goods ”from a point of consumption to the
point of origin” (Rogers and Tibben-Lembke, 1998). The use of secondary
materials is challenging in practice, due to the fact that product return rates
are highly volatile over the course of time. An example can be seen in Figure
1, that depicts growth rates of the industrial collection of waste paper in Aus-
tria. As Norek (2002) points out, this variability of returns directly impacts
production costs, and it is thus important at a “tactical level for procure-
ment decisions, capacity planning and disposal management” (Toktay et al.,
2004).
-20%
-15%
-10%
-5%
0%
5%
10%
15%
20%
25%
0
1
/
2
0
0
6
0
5
/
2
0
0
6
0
9
/
2
0
0
6
0
1
/
2
0
0
7
0
5
/
2
0
0
7
0
9
/
2
0
0
7
0
1
/
2
0
0
8
0
5
/
2
0
0
8
0
9
/
2
0
0
8
0
1
/
2
0
0
9
0
5
/
2
0
0
9
0
9
/
2
0
0
9
0
1
/
2
0
1
0
0
5
/
2
0
1
0
0
9
/
2
0
1
0
0
1
/
2
0
1
1
0
5
/
2
0
1
1
0
9
/
2
0
1
1
1
Figure 1: SVG drawing
Figure 1: Growth rates of the industrial collection of waste paper in Austria (source:
Altstoff Recycling Austria)
As a consequence, the lack of control of these inputs may make firms re-
luctant to expand their usage of secondary materials. Hence, the knowledge
of the causes for this variability in product returns is crucial for managerial
decision making. Nevertheless, as Norek (2002) points out, “returns man-
agement strategies may be the most neglected part of many supply chain
practices”. By focusing on the waste paper industry as a reference industry,
this article explicitly addresses the question of efficient product returns man-
agement and identifies the main drivers of the dynamic behavior of waste
paper returns in a stylized production-recycling system. In such a system,
production in one period causes return flow of products in another period.
These returns can then be used for the production of new products in the
following period.
The paper/carton board industry is one of the oldest industries making
2
use of secondary raw materials. Its usage of waste paper in order to produce
new paper or carton board is thus widespread. In contrast to other waste
streams, the collection systems for waste paper are well-established in many
European countries, the US and Asian countries. While recycling rates are
constantly increasing (see for example European Recovered Paper Council,
2013), return streams continue to show high variability. This problem was
already addressed by Pearce and Grace (1976), who analyzed various policies
in order to stabilize secondary raw material markets.
In order to explain these fluctuations, we distinguish between exogenous
and endogenous factors. While exogenous factors come from the model’s
outside world, endogenous factors are inherent to the model itself. The most
commonly mentioned exogenous factor for explaining waste paper quantities
is the GDP. McCarthy and Lei (2010), for instance, use regression analysis
to quantify the (positive) impact of a GDP increase on the available amount
of waste paper. Again focusing on the waste paper industry, further factors
such as the number of housing starts (Duckett, 1978), the index for industrial
production (Turner and Grace, 1977), the unemployment rate (Li and Luo,
2008) or the degree of urbanization (McCarthy and Lei, 2010; Berglund et al.,
2002) are all found to be influencing factors on the availability and/or the
demand for waste paper.
Especially when the market for waste paper is analyzed from a macroeco-
nomic point of view, it can be seen that fluctuations in the amount of available
waste paper are heavily amplified by fluctuations in global trade. Accord-
ing to figures from the Confederation of European Paper Industries (CEPI,
2012), China represents by far the biggest demand market for European and
US waste paper. This may not simply be the result of China’s huge demand
for raw materials, but may also be caused by China’s large surplus in the
balance of trade. As more products are transported from China to European
or US destinations than in the opposite direction, the transportation cost
from Europe/US to China are much lower than from China to Europe/US
(according to trade data from EUROSTAT, data on transportation cost from
CEPALSTAT and evidence from the US market for waste paper from Forstall
(2002)). In addition, the accessibility and availability of collection facilities,
as well as consumers’ awareness of the importance of waste paper recycling,
are both major factors in determining long-run collection rates and hence
determining available amounts of waste paper.
The bullwhip effect, i.e. the tendency of a supply chain to develop increas-
ingly large fluctuations of order and inventory quantities is a major source
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of supply chain inefficiency according to Yao and Zhu (2011). While the
bullwhip effect is well-studied in forward supply chain management, there is
still few literature on this in the context of closed-loop supply chains. With
respect to forward supply chains, Lee et al. (2004) identify demand signal
processing, order batching, fluctuating prices of products as well as rationing
gaming to be the major sources for the occurrence of these fluctuations. Yao
and Zhu (2011) then focus on the role of IT usage in dampening the bullwhip
by using electronic linkages between buyers and sellers within a supply chain.
The present article focuses on the effect of variations of some structural
parameters like the collection rate, production conditions or the landfilling
rate on the variability of product returns. The framework for our analysis is
a simplified production-recycling system, where returns are a function of past
periods’ production. In contrast to the existing literature on the dynamic
behavior of closed-loop supply chains, which mainly relies on simulations
studies, we analyze the dynamics of product returns by using a system of
nonlinear difference equations. This allows us to calculate an equilibrium
point of the system in closed form. Using this system of difference equations,
we are able to derive conditions for the system to convergence to its equilib-
rium or for chaotic behavior. In particular, the Lyapunov exponents allow
us to gain insights into parameter constellations, where chaotic behavior can
be expected. The comparison of two different production functions (linear
and CES, i.e. constant elasticity of substitution) also yields insights on how
the qualitative behavior of the system is influenced by various production
conditions.
The analysis of a discrete dynamical system allows for the characterization
of the qualitative properties of the system in closed form. This permits
rigorous sensitivity analysis that does not rely on simulation studies. The
results then enable us to derive managerial implications in order to develop
strategies for effective reverse logistics decision making.
The present paper is organized as follows: Section 2 gives an overview on
the existing related work, while section 3 then describes the framework of our
model. The production-recycling system is modeled as a discrete nonlinear
dynamical system. Section 5 analyzes the qualitative properties of the system
by using the theorems from section 4.1. Sections 5.1-5.2 derive and discuss
the insights gained from the two models for the effective management of
product returns.
4
2. Related work
Sustainable supply chain management (SSCM) is concerned with sus-
tainability considerations in the forward as well as in the reverse chain (see
for example Gupta and Palsule-Desai, 2011; Bloemhof-Ruwaard and Nunen,
2005), where the increase of product return quantities is considered to be a
major goal of SSCM. While on the one hand, the usage of secondary mate-
rials in production processes is clearly desirable from an ecological point of
view, the high variability of product returns over time also raises problems in
managerial decision making. As a result, the dynamic behavior of closed-loop
supply chains is attracting growing attention in both research and practice.
As chaotic behavior limits the predictability of product returns, it is cru-
cial to know when a dynamic system may behave chaotically. The facilitating
factors for chaotic behavior in supply chains were analyzed by Hwarng and
Xie (2008) in a forward supply chain setup. The authors used the classi-
cal beer distribution model and quantified the system’s degree of chaos by
calculating Lyapunov exponents.
Another research stream explains fluctuations that occur in both forward
and closed-loop supply chains by the bullwhip effect. Zhou and Disney (2006)
studied the reasons for the bullwhip phenomenon within a closed-loop supply
chain in continuous time using control theory. The authors found that re-
turned products can be used to reduce inventory variance and hence dampen
the bullwhip. According to the authors, a closed-loop supply chain turned
out to be more cost-efficient than a conventional forward supply chain. In
contrast, analyzing the beer game using system dynamics, Huang and Liu
(2008) found that the system’s tendency to show bullwhip like behavior is
always greater in closed-loop supply chain than in a forward supply chains.
This finding is also supported by Chatfield and Pritchard (2013), who con-
clude that supply chains with return quantities exhibit a larger bullwhip ef-
fect, using an agent-based simulation approach and seeing returns as negative
order quantities. Adenso-Dı`az et al. (2012) then relativized these conflicting
results by using a system dynamics approach in a similar setup as Huang
and Liu (2008). They found that the bullwhip effect may be dampened or
amplified by the level of the collection rate.
The literature on the value of information (see for example Ketzenberg
(2009), De Brito and van der Laan (2009) and Toyasaki et al. (2013)) also
addressed the significant uncertainties regarding the timing and quantities
of product returns and the role of information systems. Identifying various
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information scenarios can be used to formulate forecasting models specifi-
cally for reverse logistics (see Srivastava and Srivastava (2006), Toktay et al.
(2004), Krupp (1992), Kelle and Silver (1989) and Goh and Varaprasad
(1986)). These models assume product returns to be a function of past
sales.
The impact of various policy scenarios, is analyzed by Vlachos et al.
(2007), who derive their results from a general system dynamics model of a
closed-loop supply chain. Also using the system dynamics approach, Geor-
giadis (2013) specifically focused on issues concerning the paper industry.
Similar to Georgiadis (2013), in this paper we also focus on issues concern-
ing the waste paper industry. In contrast to his system dynamics approach,
our results do not rely on simulation studies. In order to derive explicit
stability regions, the dynamics are investigated by means of a system of dif-
ference equations. In their article on the dynamics of a simple forward supply
chain, Larsen et al. (1999) also investigated a system of difference equations.
However, in contrast to our work, they considered a linear system without
providing explicit stability regions. Hwarng and Xie (2008) studied the dy-
namics of a forward supply chain by means of a system of difference equations.
In particular, they focused on the occurrence of chaotic behavior by calculat-
ing Lyapunov exponents. The managerial implications of chaotic behavior
in forward supply chains are investigated from a management perspective by
Wilding (1998) and Riggle and Madey (1997). In a linear closed-loop sup-
ply chain model with time-delay, Huang et al. (2009) apply a control theory
approach in order to deal with various uncertainties arising in closed-loop
supply chain management. In contrast to our study, the authors analyze a
linear model and focus on issues concerning the Chinese steel manufacturing
industry.
3. Model formulation
Our production-recycling system is described by a set of first-order non-
linear difference equations. The equations describe the process of produc-
tion, the demand for finished products and the demand for virgin materials.
Finished products are assumed to enter a stock of products on the market,
where a certain fraction of this stock is recycled each period. We formu-
late two models that are different with respect to the assumed production
function. One model assumes a linear production function that allows us to
calculate stability regions in closed form. The second model assumes a CES
6
production function and relies on numerical analysis of stability regions. Us-
ing the CES production function, makes the model more flexible and hence
the model’s ability to reflect real-world situations is increased.
3.1. Model assuming a linear production function
The focal firm is assumed to use two production inputs exclusively: Virgin
or primary materials, and returned or secondary materials. The production
process is described by a linear production function of the following form:
Yt = γ(Nt + αRt−1) (1)
In equation (1), output Yt is produced by using the quantities Nt and Rt−1,
where Nt denotes virgin materials from period t and Rt−1 stands for sec-
ondary materials from the previous period. Parameter γ ∈]0, 1] describes
overall factor productivity and α ∈ [0, 1] determines the fraction of returned
products that are used for production. On the one hand, the factor α re-
flects the fact that not all returned items need to be appropriate for re-use
in production. On the other hand, α also expresses a company’s production
technology, where technology is seen as the amount of product returns that
can be used for production.
The aggregate stock of products from previous periods plus current pro-
duction, then forms the stock of products in period t. The current stock St
is given as
St = β(1− φ)St−1 + Yt, (2)
where a fraction φ ∈]0, 1] from the stock is returned to the company each
period, and a fraction 1−β ∈ [0, 1[ is ultimately disposed of. Thus, the reverse
product stream can be formulated as a fraction of the stock remaining from
the previous period:
Rt = βφSt−1 (3)
The company is assumed to produce its output in order to exactly meet
demand Dt. Therefore we set
Yt = Dt, (4)
where
Dt = τe
−ψSt . (5)
In equation (5), τ > 0 stands for maximum demand, and the parameter
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ψ > 0 determines the shape of the demand function.
Our demand function for virgin materials reflects the fact that an increase
in the production will increase the demand for virgin materials.
Nt = Y
1
θ
t (6)
However, this function provides the possibility that demand for virgin mate-
rials may not increase by the same extent (θ ≥ 1) as production increases.
The more production is increased, the easier it will be for the company to
come along with secondary resources and arrange these, such that a desired
production level can be realized.
3.2. Model assuming a CES production function
In order to investigate the influence of the distribution of factor inputs
and the elasticity of substitution between virgin and secondary materials,
the linear production function from the previous section is replaced by the
general constant elasticity of substitution (CES) production function:
Yt = γ
[
δN−ρt + (1− δ)(λRt−1)−ρ
]− 1
ρ . (7)
The parameter δ ∈ ]0, 1[ is the share parameter that determines the distri-
bution of combinations of factor inputs. ρ ∈ [−1,∞[ \ {0} determines the
elasticity of substitution σN,R =
1
1+ρ
between the two production inputs. The
parameter γ > 0 reflects the overall factor productivity. For a comprehensive
discussion of the properties of the CES production function see, for example,
Arrow et al. (1961). Equations (2)-(6) remain the same in this version of the
model.
4. Stability analysis
In order to analyze the qualitative behavior of the system, we first derive
one difference equation for Rt that summarizes the whole set of equations for
each of the two models. Based on this difference equation, we calculate an
equilibrium for each of them and then analyze the behavior of the systems
in the proximity the equilibria.
Basic substitution of equations (1)-(6) from the model with the linear
production function leads to the following difference equation for the reverse
8
product stream in period t:
Rt+1 = β(1− φ)Rt + βφγτ 1θ e−
ψ
θβφ
Rt + γαRt−1 (8)
An equilibrium is derived by setting R¯ := Rt+1 = Rt = Rt−1. Solving for R¯
and making use of Lambert’sW-function then yields the equilibrium solution
for our model using the linear production function
R¯linear =
βφθ
ψ
W
(
ψ
βφθ
clinear
)
, (9)
where clinear = γβφτ
1
θ / (1− β(1− φ)− γα). For reasons of clarity of the ar-
gument, we restrict our attention to positive and hence real-valued equilibria
and thus exclude negative values of the constant clinear. A negative clinear
would lead to complex or negative real-valued equilibria. As a consequence,
the parameters are assumed to satisfy the following condition:
γ <
1− β(1− φ)
αβφ
. (10)
This condition states that the equilibrium takes a positive value if the factor
productivity γ is smaller than the ratio of the fraction of products leaving
the stock St (by loss or recycling) and the fraction of returned products that
enter production.
To address the question whether the equilibrium is stable or unstable,
the qualitative behavior of the system is analyzed in the proximity of the
equilibrium solution. For this purpose equation (8) is linearized around its
equilibrium (9). The eigenvalues of the characteristic equation can then be
used to describe the qualitative properties of the system. The characteristic
equation of the dynamical system can be obtained from replacing Rt by λ
t
and then dividing by λt in the linearized form of equation (8):
λ2 −
[
β(1− φ)− ψ
θ
γτ
1
θ e−
ψ
βφθ
R¯
]
λ− γα = 0 (11)
For reasons of simplicity, we replace the parameters of the characteristic
equation such that
λ2 − Aλ−B = 0,
9
where A = β(1− φ)− ψ
θ
γτ
1
θ e−
ψ
βφθ
R¯
and B = γα.
The analysis of the model using the CES production function follows
the same structure as the analysis of the model with the linear production
function. Using the CES production function, the second-order difference
equation that summarizes the whole system
Rt+1 = β(1− φ)Rt
+ βφγ
[
δτ−
ρ
θ e
ψρ
βφθ
Rt + (1− δ)(αRt−1)−ρ
]− 1
ρ
(12)
can be derived in a similar way as equation (8). Again, we calculate an equi-
librium point for equation (12) and then formulate the characteristic equa-
tion, linearized around the equilibrium. Setting R¯CES = Rt+1 = Rt = Rt−1
in equation (12) we again obtain an equilibrium by making use of Lambert’s
W-function
R¯CES =
βφθ
ψ
W
(
ψ
βφθ
(
cCES
) 1
ρ
)
. (13)
This equilibrium condition is only positive when the constant cCES is positive,
which is only the case when
γ > (1− δ) 1ρ · 1− β(1− φ)
αβφ
for ρ > 0
γ < (1− δ) 1ρ · 1− β(1− φ)
αβφ
for ρ < 0.
The difference in these conditions, compared to the conditions for a non-
negative equilibrium in the linear case, can be summarized as follows: In the
case of weak substitutability between production factors (ρ > 0 and hence
σ < 1) the conditions are more relaxed, but they are stricter in the case of
good substitutability (when ρ < 0 and hence σ > 1). Finally, we formulate
the characteristic equation of the linearized system, that takes the following
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form,
λ2 −
[
β(1− φ)− ψδγ
θ
τ−
ρ
θ e
ρψ
θ
R¯CES · a− 1+ρρ
]
λ
−
[
γαβ(1− δ)φ(αR¯CES)−(1+ρ) · a− 1+ρρ
]
= 0,
(14)
where a = δτ−
ρ
θ e
ρψ
βφθ
R¯CES+(1−δ)(αR¯CES)−ρ. In equation (14), the parameters
can again be replaced in order to get an equation of the more compact form
λ2 − Aλ − B = 0. As was the case with the linear production function, the
parameters A and B here are subject to the constraints A ≤ 1 and B ≥ 0.
Depending on the values of the parameters A and B, we can now characterize
the qualitative behavior of both models with the help of theorems 2, 3 and
4.
4.1. Characterisation of the dynamic behavior of the systems
Before analyzing the qualitative properties of the dynamic system under
consideration, stable, unstable and saddle point stable equilibria need to be
defined:
Definition 1. (see Alligood et al., 1996, p. 58ff)
An equilibrium point is
• an attractor, when there exists an -neighborhood N(x¯) around the
equilibrium x¯, where for the map f holds that limi→∞ f i(x) = x¯, ∀x ∈
N. Note, that this definition corresponds to the definition of local
asymptotic stability. In the subsequent text, these attracting equilibrium
points are called stable equilibria.
Stable equilibria are characterized by eigenvalues smaller than 1 in ab-
solute size.
• a repeller, when there exists an -neighborhood N(x¯) around the equi-
librium x¯, where f (except for x¯) eventually maps x ∈ N(x¯) outside of
N(x¯).
Unstable equilibria are characterized by eigenvalues greater than 1 in
absolute size.
• a saddle point, when one eigenvalue is greater and the other eigenvalue
is smaller than 1 in absolute size.
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The following theorems give conditions for which the systems in the proximity
of their equilibria will be stable, unstable or the equilibrium will be a saddle
point.
Theorem 2.
The following two arguments for a stable solution (attractor) of the considered
second-order dynamical system are equivalent:
(i) An equilibrium solution is an attractor, when both |λ1| < 1 and |λ2| < 1.
(ii) An equilibrium solution is an attractor of the dynamical system un-
der consideration, when the coefficients of the characteristic equation
satisfy A ∈ ] − (1−B), (1−B) [ and B ∈ [ 0, 1 [.
Proof For a detailed proof of theorem 2 see section Appendix B.
Theorem 3.
The following two arguments for an unstable solution (repeller) of the con-
sidered second-order dynamical system are equivalent:
(i) An equilibrium solution is a repeller, when both |λ1| > 1 and |λ2| > 1.
(ii) An equilibrium solution is an repeller of the system under consideration,
when the coefficients of the characteristic equation satisfy A ∈ ] (1 −
B), −(1−B) [ and B ∈] 1, ∞ [.
Theorem 4.
The following two arguments for a saddle point of the considered second-order
dynamical system are equivalent:
(i) An equilibrium solution is a saddle point, when either |λ1| > 1 and
|λ2| < 1 or |λ1| < 1 and |λ2| > 1.
(ii) An equilibrium solution is a saddle point of the system under consider-
ation, when the coefficients of the characteristic equation satisfy either
max(−(1 − B), 1 − B) < A ≤ 1 and B ∈ ]0, 2[ or A < min(−(1 −
B), 1−B) and B ≥ 0.
Proof The proofs of theorems 3 and 4 follow a similar argument to that
used for theorem 2 (see section Appendix B) and are omitted for reasons of
brevity.
12
Figure 2 illustrates the regions for an equilibrium to be stable, unstable
or being a saddle point. Since we restrict our attention to positive equilibria,
i.e. when the parameters satisfy inequality (10), the case when A + B > 1
can be neglected. Since we restrict our attention to positive equilibria, i.e
when the parameters satisfy inequality (10), the case when A+B > 1 can be
neglected. This can be shown easily by simple substitution and by applying
the properties of Lambert’s W-function.
B
A
A ≤ 11
-1
1 32
negative or complex solution
positive real solution
|λ1| > 1
|λ2| < 1
|λ1| < 1
|λ2| < 1
|λ1| < 1
|λ2| > 1
|λ1| > 1|λ2| > 1
Figure 2: Regions for an equilibrium to be stable, unstable or being a saddle point
5. Applications
The results obtained in the previous sections are now used to character-
ize the qualitative properties of the two models proposed and discuss the
implications for managerial decision making. As there are many parame-
ters involved in both models, we restrict our attention to various values of
selected parameters, while the remaining parameters are assumed to take
values as described in Table A.2 in the appendix. The parameter values for
the model with the linear production function are chosen prototypically and
are independent of any particular industry. However, we use our model with
13
the CES production function to explicitly discuss issues concerning volatility
of waste paper returns. We therefore estimate the parameters of the CES
production function using a real-world dataset.
5.1. Model assuming a linear production function
Explicitly solving the inequality A+B > 1 with the parameters of the sys-
tem, leads to the inequality W( ψ
βφθ
clinear) < −1. This contradicts inequality
(10), i.e. the condition that R¯ to be positive. Hence, a positive equilibrium
can not be a repeller, i.e. unstable. Using theorems 2 and 4, we are now
able to calculate the explicit parameter ranges required for the equilibrium
to be stable or being a saddle point. According to theorem (2) the positive
equilibrium (9) is an attractor if and only if
R¯ <
βφθ
ψ
1− γα + β(1− φ)
1− γα− β(1− φ) . (15)
By applying theorem (4) in a similar way, the equilibrium (9) is a saddle if
and only if
R¯ >
βφθ
ψ
1− γα + β(1− φ)
1− γα− β(1− φ) . (16)
These conditions can be obtained by simple substitutions and repeatedly
making use of the properties of the Lambert W-function.
These thresholds can now be used to perform sensitivity analysis on cer-
tain parameters of interest. Focusing on the fraction of products in the stock
that are not lost, β, and on the recycling rate φ, the stability/saddle point
regions can be illustrated graphically. For purposes of demonstration, we fix
all parameters of the model, except β and φ. The values of the remaining
parameters can be found in the appendix. As can be seen from Figure 3, for
a given β, there is a range of values for the recycling rate φ, where a stable
solution can be expected. While Atasu et al. (2009) derive optimal collection
rates from a social planner’s optimization problem, our model contributes to
the discussion on optimal collection rates by allowing for the calculation of
ranges for collection rates that will stabilize product returns over time. Sta-
ble flows of product returns allow a recycler to adjust its capacity planning
to a certain inflow quantity and hence allows for cost-efficient operation. A
theoretical foundation for determining cost-effective collection rates can be
found in Berglund (2003). For an exemplary landfilling rate of 10% (β = 0.9),
the collection rate φ has to be in the range of 58.89% to 71.46% in order to
14
guarantee that the system remains stable. For the case of the waste paper
0.0 0.2 0.4 0.6 0.8 1.0
0.0
0.2
0.4
0.6
0.8
1.0
saddle
stable
no positive equilibrium
β
φ
Figure 3: Regions for an equilibrium to be stable or to be a saddle point for various values
of β and φ. The remaining parameters are assumed to take values according to Table
(A.2).
industry, Villanueva and Eder (2011) discuss reasons for landfilling of waste
paper. These include its usage as insulation material or its use in domestic
coal. Thus, the use of waste paper for applications other than in the produc-
tion of new paper is restricted when a certain collection rate is given, and
when stability of the production-recycling system is to be guaranteed.
5.2. Model assuming a CES production function
The calculation of explicit stability regions for the model using the CES
production function is analogous to that of the model using the linear pro-
duction function and is thus not discussed here. However, the regions for
the equilibrium to be stable or to be a saddle point can easily be calculated
numerically.
When applying the model with the CES production function to issues
concerning the return volatility of waste paper, the parameters of the CES
15
production function are estimated for a dataset from a large European car-
ton board producing company. Since this company produces carton board by
using waste paper and certain virgin materials (for example, wood pulp) in
their production processes, the company faces a situation similar to that de-
scribed in the model. Using this dataset on production and input quantities,
we obtain the following regression results for equation (7):
Estimate Std. Error t-value p-value
γ 2.232464 0.038191 58.45 < 2e− 16
δ 0.475796 0.005545 85.80 < 2e− 16
ρ -0.590030 0.015190 -38.84 < 2e− 16
Table 1: Estimation of the CES production function by applying R’s micEconCES pack-
age. The CES production function is estimated by its first-order Taylor series expansion
at ρ = 0 (see Henningsen and Henningsen (2011) and Hoff (2004)). R2 = 0.9863
Using these regression results and the parameter values from the ap-
pendix, the regions of stability or the equilibrium to be a saddle point, are
illustrated in Figure 4.
16
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Figure 4: Stability region for the dynamical system with the CES production function for
ranges of the share parameters δ and factor productivity γ. The remaining parameters
are assumed to take values according to Table (A.2).
As can be seen from Figure 4, achieving a higher, stable recycling equi-
librium may be difficult to realize in practice. First, the region for stability
decreases when the collection rate φ is increased. Second, it turns out that
in our model, the elasticity of the equilibrium with respect to the recycling
rate φ is a convex decreasing function of φ for almost all parameter constel-
lations. This implies that augmented collection rates will, on the one hand,
result in smaller increases in the equilibrium solution and, on the other hand,
will move the equilibrium away from an area of stability. With a waste paper
collection rate of 70.62% (see CEPI (2012)), the implied recycling equilibrium
is a saddle point. Holding all other parameters constant, a decrease of the
share parameter δ by more than approximately 0.085, the equilibrium would
become stable. When δ were to be decreased by more than approximately
0.181, a positive equilibrium would not exist anymore. Fixing the parameter
δ that determines the distribution between primary and secondary raw ma-
terials in production to the estimated value of 0.475796, the fixed point is an
attractor, if the factor productivity γ ∈ [0, 0.107[∪ ]2.968, 3.693[.
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This model therefore sheds light on the political discussion concerning
the ideal balance of primary and secondary fibers in the production of new
paper or carton board (see for example Tiuri (1994)). While the sole usage
of primary fibers may not be desirable from an ecological point of view, the
sole usage of secondary resources would incur high collection costs.
In order to shed more light on the dynamic behavior of returns, we calcu-
late the system’s Lyapunov exponents that quantify the system’s sensitivity
on initial conditions. Here, we follow the common definition of chaotic behav-
ior of a discrete dynamical system, as found for instance in Alligood et al.
(1996). An orbit of a dynamical system is called chaotic, if the system is
sensitive on initial conditions and not periodic. The Lyapunov exponents
therefore indicate parameter constellations where chaotic behavior can be
expected. Following Perron (1930) however, a positive Lyapunov exponent
of a second-order nonlinear difference equation (using its first-order approx-
imation) is not a sufficient condition for an orbit to be chaotic. Leonov and
Kuznetsov (2007) carry this argument to the context of a discrete dynamical
systems. Since Leonov and Kuznetsov (2007) point out that the Perron ef-
fect (i.e. stability with a positive Lyapunov exponent) is a special case that
is only possible at the boundaries between stable and unstable regions, the
Perron effect is neglected in the present paper. The occurrence of chaotic
behavior limits the predictability of returns and thus impedes the efficient
integration of returns in production processes.
As common to the literature, we calculate the Lyapunov exponents using
a numerical procedure based on the well known Gram-Schmidt orthonormal-
ization procedure (see for example Alligood et al. (1996)). As equation (8) is
a second-order difference equation, we transform it into a system of two first-
order difference equations by introducing a new variable Xt, where Xt = St−1.
The two Lyapunov exponents are then calculated using the Gram-Schmidt
orthonormalization procedure.
The results from Figure 5 indicate that the parameter ρ that determines
the elasticity of substitution is a major driver for the system to behave
chaotic. As the elasticity of substitution σ is obtained via σ = 1
1+ρ
, this
implies that chaotic behavior can mainly be expected in ranges with positive
σ, i.e. good substitutability between the production inputs. Using the re-
gression results from Table 1, we see that the current situation of this focal
firm lies in the region with a positive largest Lyapunov exponent, i.e. a Lya-
punov unstable region. In this point the system shows sensitivity on initial
conditions, that will impede the predictability of future return quantities.
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Figure 5: Regions with positive largest Lyapunov exponents for various values of the
parameter ρ and the share parameter δ, indicating parameter constellation that lead to
sensitivity on initial conditions. The limit of the Lyapunov exponent did exist in all
parameter constellations under consideration. Stepsize of the calculations is 1/150.
6. Summary
In this article we presented two models describing a simple production-
recycling system by using a set of nonlinear difference equations. The model
that uses a linear production function, allowed for the derivation of the sta-
bility and saddle point region in closed form. The second model that assumes
CES production, does not allow for closed form stability region, but produces
more complex, yet realistic solutions and therefore can be adjusted to real
world situations much better.
Our model using the linear production function contributes to the dis-
cussion on efficient collection rates of secondary materials when stabilizing
return quantities are targeted. This model enables us to explicitly calculate
ranges for the collection rate that result in a stable equilibrium.
The estimation of the parameters of the model assuming CES produc-
tion allows us to adapt the model to a setting prevalent in the waste paper
industry. Using these regression results, we are able to show that the recy-
cling equilibrium for this model currently is a saddle point that is Lyapunov
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unstable. This implies that the system in the current situation reacts sensi-
tive on initial conditions. However, even small variations of the parameter
that determines the usage of secondary or primary fibers in production could
stabilize the whole system. Additionally, an increase in the elasticity of sub-
stitution between the production inputs generally causes a rise of the largest
Lyapunov coefficient and hence will facilitate chaotic behavior of return flows.
On the one hand, sensitivity analysis indicated that the system’s area of pos-
itive largest Lyapunov coefficients will increase when the factor productivity
is increased. On the other hand, increasing the equilibrium value requires
an over-proportional increase of the collection rate, and thus decreases the
system’s area of stability.
Models of this kind could be extended in several ways: By including
additional firms that compete in buying the secondary raw materials, the
model could become even more realistic. As the usage of secondary materials
by a relatively large number of companies leads to fiercer competition in
acquiring such materials, non-cooperative game theory in combination with
the analysis of dynamical systems would be an eminently suited method to
address these issues. This can be observed in the paper and carton board
industry, where many companies intensively use waste paper as a production
input. Another possible extension would be to introduce multiple products of
a focal firm and compare the qualitative behavior of product returns assuming
different rates of secondary material usage for each of the products.
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Appendix B. Proof of theorem 2
Proof
First, to show that property (i) implies (ii), let
λ1 =
A
2
+
√
A2
4
+B
λ2 =
A
2
−
√
A2
4
+B
According to equation (11), B ≥ 0, and thus λ1, λ2 ∈ R. Since it is assumed
that |λ1 | < 1 and |λ2 | < 1, the following inequalities must hold:
−1− A
2
<
√
A2
4
+B < 1− A
2
(B.1)
−1 + A
2
<
√
A2
4
+B < 1 +
A
2
(B.2)
Since, according to equation (11), A can be represented as A = x− y, where
x ∈ [ 0, 1 ] and y ≥ 0, A ≤ 1, and thus 1 − A
2
> 0. As a consequence,
the inequality on the right-hand side in (B.1) can be solved by squaring.
In addition, the inequality on the left-hand side in (B.1) is only relevant
for A ≤ −2 or, in terms of x and y, when y ≥ x + 2. However, in such a
setting the inequality on the right-hand side of (B.2) cannot hold. Therefore,
A ∈ ] − 2, 1], and the right-hand side of inequality (B.2) is positive. The
inequality on the left-hand side in (B.2) is always satisfied and therefore
irrelevant.
Thus, the stability conditions for A and B in (ii) are derived from the
inequalities on the right-hand side in (B.1) and (B.2). Solving these yields
A+B < 1 from (B.1), and −A+B < 1 from (B.2). Since −(1−B) < A <
1− B, and hence −(1− B) < 1− B, B must satisfy B < 1. This yields the
conditions A ∈] − (1−B), (1−B) [ and B ∈ [ 0, 1 [.
Second, to show that property (ii) implies (i) it is assumed that |λ1 | ≥ 1
and |λ2 | ≥ 1, which contradicts the conditions A ∈ ] − (1 − B), (1 − B) [ ,
where B ∈ [ 0, 1 [ .
(a) Using the expressions in inequalities (B.1), assume
√
A2
4
+B ≥ 1− A
2
.
Since the right-hand side is positive, squaring the inequality yields A+
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B ≥ 1, which contradicts the A + B < 1 resulting from the properties
of A and B in (ii).
(b) The assumption −1− A
2
≥
√
A2
4
+B only makes sense for A ≤ −2. But
A ∈ ] − (1−B), (1−B) [⊂ ]− 1, 1[ since B ∈ [ 0, 1 [ . Thus, λ1 > −1.
(c) Using the expressions of inequalities (B.2) and assuming λ2 satisfies√
A2
4
+B ≥ 1 + A
2
, then again, the right-hand side is positive, and
after squaring we obtain A ≤ −(1−B). This contradicts the property
(ii).
(d) −1 + A
2
≥
√
A2
4
+B is impossible since −1 + A
2
< 0.
We can conclude that the conditions A ∈ ] −(1−B), (1−B) [ and B ∈ [ 0, 1 [
are necessary and sufficient in the considered second-order dynamical system
in order to guarantee stability of an equilibrium solution.
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